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General implementation of all possible positive-operator-value measurements
of single photon polarization states
S. E. Ahnert, M. C. Payne
Theory of Condensed Matter Group, Cavendish Laboratory,
Madingley Road, Cambridge CB3 0HE, U.K.
Positive Operator Value Measures (POVMs) are the most general class of quantummeasurements.
We propose a setup in which all possible POVMs of a single photon polarization state (corresponding
to all possible sets of two-dimensional Kraus operators) can be implemented easily using linear
optics elements. This method makes it possible to experimentally realize any projective orthogonal,
projective non-orthogonal or non-projective sets of any number of POVM operators. Furthermore
our implementation only requires vacuum ancillas, and is deterministic rather than probabilistic.
Thus it realizes every POVM with the correct set of output states. We give the settings required to
implement two different well-known non-orthogonal projective POVMs.
PACS numbers: 03.65.Ta., 03.67.-a
I. INTRODUCTION
The rapidly increasing interest in Quantum Infor-
mation Theory and its applications - a comprehensive
overview of which can be found in [1] - has also gener-
ated significant interest in the theory and possible im-
plementations of generalized measurement in the form
of Positive Operator Value Measures (POVMs) [13–16].
Such measurements are particularly useful in the context
of quantum cryptography [17–20].
Experimentally, a wide variety of quantum mechan-
ical phenomena such as Teleportation [2], Interaction-
Free Measurement [3] and non-locality [4–6] have been
demonstrated experimentally using photons [7–10]. Re-
cently it was shown that the operations necessary for
quantum computation can be implemented using linear
optics [11,12], which makes photons a promising candi-
date for quantum information applications.
We propose here a single setup for the implementa-
tion of all possible POVMs of a single-photon polariza-
tion state. This includes POVMs with orthogonal projec-
tive, non-orthogonal projective, and non-projective sets
of Kraus operators. Similar to our previous work in [16],
our setup is a deterministic as opposed to probabilistic
implementation of a POVM, which means that the setup
delivers one of the possible POVM output states of equa-
tion (2) in every measurement. In contrast to [16] how-
ever, the setup introduced here is much more general and
at the same time far simpler. Furthermore our method
does not require any ancillas except for vacuum states.
Finally, we illustrate how our setup can be used to im-
plement two well-known POVMs, including one required
for established quantum cryptography protocols [17–20].
II. POSITIVE OPERATOR VALUE MEASURES
The positive operator value measure (POVM) is the
most general formulation of quantum measurement [21].
Mathematically it corresponds to a positive-definite par-
tition of unity in the space of operators on a given Hilbert
space. A POVM is given by a set of positive definite Her-
mitian operators {Fi}, which in turn can be expressed in
terms a set of so-called Kraus operators {Mi}, such that
Fi = M
†
iMi and for a POVM with n operators,
n∑
i=1
M
†
iMi =
n∑
i=1
Fi = I (1)
where I is the unit matrix. After a POVM measure-
ment is performed on a quantum state represented by a
density matrix ρ, the state becomes ρ′, where
ρ′ =
MiρM
†
i
tr(MiρM
†
i )
(2)
with probability pi, where
pi = tr(MiρM
†
i ) (3)
Note that a POVM can project the input state to a
fixed set of (orthogonal or non-orthogonal) states, but
can also be non-projective, meaning that the set of pos-
sible final states is not fixed, but depends on the input
state. In the case of a set of projective orthogonal oper-
ators all Mi can be written as outer products of pairs of
orthogonal state vectors. For projective non-orthogonal
operators allMi can be written as outer products of gen-
eral state vectors. Finally, non-projective operators are
all remaining sets, i.e. sets which contain at least one
member which cannot be written as an outer product of
state vectors.
A deterministic implementation (such as the setup we
present here) of any of these types of POVM gives one
of the possible POVM output states of eq. (2) in every
measurement, with probabilities of eq. (3). A proba-
bilistic implementation by contrast would only give the
probability distribution of eq. (3), and may not even be
successful in performing the POVM every time.
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III. THE POVM OPERATOR MODULE
The implementation proposed here uses (n − 1) lin-
ear optics modules for an n operator POVM. One such
module is depicted in Fig. 1. It consists of five polariz-
ing beamsplitters, arranged as shown in this figure. The
photon enters at the bottom left of Fig.1 and is split into
its horizontal and vertical polarization states |H〉 and
|V 〉 respectively. These components, now in the path
(or ’which-path’) states |s1〉 (H component) and |s2〉 (V
component) are then rotated by angles θ (H component)
and φ (V component), using variable polarization rota-
tors. Then both of these amplitudes are in turn split by
two further polarizing beamsplitters and form a super-
position of the four path states |t1〉 to |t4〉. The beam-
splitters P1 then reunifies the path states |t2〉 and |t3〉 in
|p1〉, and P2 recombines |t1〉 and |t4〉 in |p2〉. Furthermore
the setup contains another five polarization rotators (ro-
tating by angles +pi2 , −pi2 and pi), three variable unitary
operators U , V1 and V2, and two variable phase shifts e
iζ
and eiξ. All these elements are placed as shown in Fig. 1.
Ancillas, often required in linear optics implementations
of quantum information processes are here only present
in form of vacuum states in the ports of the polarizing
beamsplitters.
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FIG. 1. The module implementing measurement operators
F1 and F2. The photon enters in state |Ψ〉 at the bottom
left corner and exits either at E1 or E2, where it can be de-
tected. All beamsplitters are polarizing beamsplitters with
the same polarization basis and transmit photons in the |H〉
state, while reflecting photons in the |V 〉 state. The angles θ,
φ, pi
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and pi of the polarization rotators are measured relative
to this basis. U , V1 and V2 are unitary operators, and e
iζ and
eiξ signify phase shifters.
Consider the case where U = V1 = V2 = I (the unit
matrix) and ζ = ξ = 0. Then a photon incident on the
apparatus in the state
|Ψ〉 = a|H〉+ b|V 〉 (4)
where |a|2 + |b|2 = 1, evolves to:
|Ψ〉 → a|H〉|s1〉+ b|V 〉|s2〉
→ a(cos θ|H〉+ sin θ|V 〉)|s1〉
+b(cosφ|V 〉 − sinφ|H〉)|s2〉
→ a(cos θ|V 〉 − sin θ|H〉)|s1〉
+b(cosφ|V 〉 − sinφ|H〉)|s2〉
→ a(cos θ|V 〉|t2〉 − sin θ|H〉|t1〉)
+b(cosφ|V 〉|t3〉 − sinφ|H〉|t4〉)
→ a(cos θ|H〉|t2〉+ sin θ|H〉|t1〉)
+b(cosφ|V 〉|t3〉+ sinφ|V 〉|t4〉)
(5)
The beamsplitter P1 then recombines path states |t2〉
and |t3〉, and similarly P2 recombines |t1〉 and |t4〉, so
that:
|Ψ〉 → (a cos θ|H〉+ b cosφ|V )|p1〉
+(a sin θ|H〉+ b sinφ|V 〉)|p2〉 (6)
where |p1〉 and |p2〉 denote the path states of ampli-
tudes emerging from beamsplitter P1 and P2 respectively.
This corresponds to the matrix transformations(
a
b
)
→ D1
(
a
b
)
=
(
cos θ 0
0 cosφ
)(
a
b
)
(7)
(
a
b
)
→ D2
(
a
b
)
=
(
sin θ 0
0 sinφ
)(
a
b
)
(8)
in the respective Hilbert spaces of |p1〉 and |p2〉. Note
that, as required, D1
2 + D2
2 = I where I is the unit
matrix. It is due to the vacuum state ancilla entering
the first beamsplitter that two of the four outputs of the
two final beamsplitters remain dark, giving a partition of
unity into two operators rather than four.
An arbitrary n × n matrix A can be written as A =
V DU where V and U are unitary matrices and D is a
diagonal matrix. Thus we can write any general Kraus
operator M for quantum measurement as:
Mi = ViDiUi (9)
The moduli of the elements of the diagonal matrix Di
are confined to lie between 0 and 1. (Note that in general
Mi 6= M †i .)
Let us consider the two operators in our module, with
U1 = U2 implemented by a variable polarization rotator,
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placed before the entrance of the module. Also we intro-
duce phase shifts ζ and ξ for the sake of generality, as
the {Di} in equation (9) are in general complex. Hence:
D1 =
(
eiζ cos θ 0
0 cosφ
)
D2 =
(
eiξ sin θ 0
0 sinφ
)
(10)
Thus:
F1 =M
†
1M1 = U
†
1D
2
1U1 (11)
where D21 ≡ D†1V †1 V1D1 = D†1D1. Hence
F2 = I − F1 = I − U †1D21U1 = U †1U1 − U †1D21U1
= U †1 (I −D21)U1 = U †1D22U1 (12)
as required by
∑n
i=1M
†
iMi =
∑n
i=1 Fi = I. This also
makes it clear that U1 = U2 follows naturally and does
not place an additional constraint on the space of pos-
sible operators that can be implemented. Hence the ar-
rangement illustrated in Fig. 1 provides a physical im-
plementation of a completely general positive-definite bi-
partition of unity, which is what a two-operator POVM
represents in mathematical terms. This apparatus is de-
terministic, which means that all output states are given
by equation (2) with probabilities given in equation (3).
It therefore does not only implement the POVM oper-
ators, but also specific Kraus operators, chosen by the
operators {Vi} in equation (9). These operators are im-
plemented at the exits of the operator modules, as shown
in Figs. 1 and 2.
IV. GENERALIZATION TO N MODULES
If we wish to perform any POVM consisting of three
measurement operators, we implement the first POVM
operator as F1 in the first module and redirect the ampli-
tude emerging from the other exit into a second module,
which acts upon it with different initial rotation and dif-
ferent θ and φ parameters, implementing the remaining
operators F2 and F3, so that:
F1 = U
†
I D
2
IUI
F2 = U
†
I D˜
†
IU
†
IID
2
IIUIID˜IUI
F3 = U
†
I D˜
†
IU
†
II(I −D2II)UIID˜IUI = I − F1 − F2 (13)
where UI and UII are the unitary operators imple-
mented on the photon before modules I and II respec-
tively, DI and DII correspond to D1 in the modules I
and II respectively, and D˜I plays the role of D2 so that
D˜
†
I D˜I = I −D2I . Figure 2 shows the complete setup for
performing any POVM with three measurement opera-
tors.
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FIG. 2. The full setup for three measurement operators,
using two modules. Note the phase shifters with phase fac-
tors ζI,ζII,ξI and ξII, as well as additional unitary operators
UI , UII , V1, V2 and V3 introduced in order to make the setup
completely general. A general state ρ entering the setup be-
comes the output state ρi =
MiρM
†
i
tr(MiρM
†
i
)
at exit Ei with prob-
ability pi = tr(MiρM
†
i ).
The generalization to n operators, using n−1 modules,
is straightforward. In general, for n operators and n− 1
modules we have, for j < n:
Fj =
[
j−1∏
i=1
U
†
(i)D˜
†
(i)
]
U
†
(j)D
2
jU(j)
[
j−1∏
i=1
D˜(i)U(i)
]
(14)
and the last operator (j = n) is given by:
Fn =
[
n−1∏
i=1
U
†
(i)D˜
†
(i)
] [
n−1∏
i=1
D˜(i)U(i)
]
(15)
where have introduced the notation UI = U(1), UII =
U(2), . . . and UI = U(1), UII = U(2), . . ., etc.
Note that any probabilistic POVM on a single pho-
ton polarization state can be realized with a statistical
mixture of at most four POVM operators. If however
our setup is to be used for realizing a fully deterministic
n-operator POVM, then n− 1 modules are needed.
V. EXAMPLES
As an example of the simplicity of applying this
procedure, we implement the non-orthogonal projective
POVMwith the three axes of projection separated by 120
degrees, as discussed in our previous work [16]. However,
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in contrast to our previous example, we now do not re-
quire any delay lines in order to recycle photons around
the apparatus in order to implement these operators with
unit probability of success.
If we consider:
UI =
(
1 0
0 1
)
UII =
1√
2
(
1 1
−1 1
)
(16)
DI =
√
2
3
(
1 0
0 0
)
DII =
(
1 0
0 0
)
(17)
which corresponds to θI = arccos(
√
2
3 ), θII = 0, φI =
pi
2
and φII =
pi
2 . The angles of inital polarization rotation
at modules I and II are 0 and pi4 respectively.
Then using equation (13), we find that these give:
F1 =
2
3
(
1 0
0 0
)
(18)
F2 =
1
6
(
1
√
3√
3 3
)
(19)
F3 =
1
6
(
1 −√3
−√3 3
)
(20)
as required for this POVM. Note that if we want our
apparatus to output photon states whose polarizations
are separated by 120 degrees we can simply implement
the appropriate Kraus operators while leaving {Fi} un-
changed, by choosing
V1 = I V2 =
1
2
(
1 −√3√
3 1
)
V3 =
1
2
(
1
√
3
−√3 1
)
(21)
A second example which illustrates the flexibility of
this approach is the implementation of the POVM em-
ployed in the quantum cryptography protocol proposed
by Ekert et al. [17–20]. The operators can be considered
in terms of two polarization states with polarizations at
angles α and β:
F1 =
1
1 + cos(β − α)
(
sin2 α − sinα cosα
− sinα cosα cos2 α
)
(22)
F2 =
1
1 + cos(β − α)
(
sin2 β − sinβ cosβ
− sinβ cosβ cos2 β
)
(23)
and
F3 = I − F1 − F2 (24)
These can be implemented using:
UI =
(
cosα sinα
− sinα cosα
)
UII =
(
cosα′ sinα′
− sinα′ cosα′
)
(25)
where α′ = arccot[
√
1 + 1cos(β−α) cot(β − α)], and
DI =
(
0 0
0
√
1
1+cos(β−α)
)
DII =
(
0 0
0 1
)
(26)
Note that for projective POVMs (i.e. where the Kraus
operators are outer products), one of the elements of D
will always be zero, as the set of output states is inde-
pendent of the input state. Our setup however is more
general, and encompasses all POVMs, including non-
projective sets, whose output states depend on the input
states.
VI. CONCLUSION
We have presented a linear optics setup for the deter-
ministic implementation of an arbitrary Positive Opera-
tor Value Measurement (POVMs) of single-photon po-
larization states, with any number of operators. The
only ancillas required for this implementation are vacuum
states. Our method is completely general and includes all
possible sets of POVM operators, namely projective or-
thogonal, projective non-orthogonal and non-projective.
Thus any possible generalized quantum measurement
of single photon polarization states can be easily per-
formed using this setup.
Due to its deterministic nature this POVM setup could
be used to perform POVMs on members of entangled
states with the correct multipartite post-measurement
state as given by (2). Another interesting question aris-
ing from this is to ask what the most general setup for
multipartite POVMs could be.
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